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Abstract. Given two descriptions of a real-time system at different lev-
els of abstraction, we consider the problem of proving that the refined
representation is a correct implementation of the abstract one. To avoid
the complexity of building a representation for the refined system in its
entirety, we develop a compositional framework for the implementation
check to be carried out in a module-by-module manner using assume-
guarantee style proof rules. On the algorithmic side, we show that the
problem of checking for timed simulation relations, a sufficient condition
for correct implementation, is decidable. We study state homomorphisms
as a way of specifying a correspondence between two modules. We present
an algorithm for checking if a given mapping is a homomorphism pre-
serving timed behaviors. We have implemented this check in the verifier
CosPAN, and applied our method to the compositional verification of an
asynchronous queue circuit.

1 Introduction

We address the problem of refinement for real-time systems such as control
protocols and asynchronous circuits. We want to prove that, of the two given
representations of a system, the more refined one “implements” the more ab-
stract one. By doing so, one would be assured that the properties proved about
the abstract description continue to hold in the refined version. This scenario
may arise either because the design is being carried out in a top-down fashion
by refining the system iteratively, or because the system is too complex and
an abstraction of the system needs to be used to verify properties. This work
addresses the following two problems: proving that one timed system is an ab-
straction of the other, and developing a compositional verification framework so
that this proof can be carried out modularly.

Typically, a model of a system is described as a collection of coordinating
components. The aim of compositional verification is to decompose the problem
of verifying refinement into subproblems so that a monolithic representation for
the system does not have to be built. Performing verification in this way has the
important benefit of scaling with the increasing complexity of real-time systems
encountered in practice. With this goal, in Section 2 we present a model for
real-time systems. Defining timed language inclusion as the weakest notion for
“implementation”, we prove compositionality properties and show the soundness
of an assumption-guarantee paradigm for modular verification in Section 3. To
prove that a refined system with two components A and B implements an ab-
straction consisting of two components C' and D, the compositionality principle
asserts that 1t suffices to prove A implements C' and B implements D, separately,
while the stronger assumption-guarantee rule asserts that it suffices to prove that
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(1) the composition of A and D implements C, and (2) the composition of B
and C' implements D. Note the circularity in the assumption-guarantee rule. Its
correctness requires that the processes involved are nonblocking in the sense that
they are willing to accept any inputs and do not block the progress of time.

While the relation of timed language inclusion is a natural choice for ab-
straction relation, it was proved in [AD94] that language containment is unde-
cidable for non-deterministic systems. Since abstract descriptions often involve
non-determinism, we propose timed simulation relations as a sufficient condition
for implementation. In Section 4 we prove that it is decidable (in EXPTIME) to
check whether such a relation exists between two systems.

In Section 5, we investigate homomorphisms, which are restricted forms of
simulation relations, as an alternative way of specifying and verifying timed ab-
stractions. This approach requires the user to specify a correspondence between
the locations of the abstract and refined versions, but is computationally more
feasible, and is a generalization of the existing homomorphism checks supported
by the system CospPAN. We present an algorithm for checking if a given map-
ping between the locations of two timed systems implies inclusion of timed lan-
guages. Our algorithm is implemented in CoSPAN. We used this algorithm and
assumption-guarantee style reasoning to verify abstractions of an asynchronous
queue circuit. The algorithm and the results of the experiments are presented in
Section 5.

Related research In recent years, many tools have been developed to sup-
port verification of real-time systems (for instance, KroNos [DOY94], ORBITS
[Rok93], timed CospaN [AK96] and UpPaAL [LPY95]). These tools consider
the problem model checking, that is, verifying that a mathematical model of a
system satisfies its specification. The problem of proving refinements of timed
systems has been considered only in the context of manual proofs (see, for in-
stance, [AL91, Sha92, LA92]).

We have emphasized compositionality and modularity. Compositionality means
that the implementation relation is a congruence with respect to parallel compo-
sition, and is exhibited by any reasonable formalism. Modularity makes explicit
distinction between which variables are updated by the system and which are
updated by the environment so as to support assume-guarantee style reasoning
(an example of such a framework is /O automata [LT87]). Assume-guarantee
style proof rules for untimed systems have been proposed by many researchers
(for instance, [GL.94, AL93, AH96]). When the rule is symmetric and involves
circularity, it is necessary to require that a process is nonblocking [LT87, AH96].
In the case of timed systems, these issues have been considered for timed I/O au-
tomata in [GSSL94]. Our framework uses synchronous composition and a much
simpler definition of nonblocking without resorting to games.

For timed systems, a variety of implementation relations can be considered.
Timed language containment is undecidable [AD94]. Timed bisimulation is de-
cidable [692], but is not appropriate for refinements. Time-abstract simulation
is considered in [HHK95], but does not preserve timed properties. As far as we
know, there i1s no previous study of timed simulations.



The use of simulation mappings or homomorphisms to prove refinements
is common in the literature (see, for instance, [Kur94, Sha92, AL91, LT8T]).
Among automated tools, COsPAN provides support to check whether the user-
supplied mappings actually define a homomorphism. Qur work generalizes this
to checking the preservation of timed behaviors.

2 Timed Abstractions

Preliminaries Let X be a finite set of real-valued variables. An X-valuation
¢ assigns a nonnegative real value &(z) to each variable z € X. Let @ be an
X-valuation. For a real number § > 0, ®+6 denotes the X-valuation that assigns
the value @(z)+6 to each variable z, and 0 denotes the X-valuation that assigns
the value 0 to all z € X. For asubset Y C X, #[Y := 0] denotes the X-valuation
that assigns the value 0 to each z € Y and the value &(z) to each z ¢ Y. An
X-predicate ¢ is a boolean combination of constraints of the form z ¢ k, where &
is a nonnegative integer constant, z € X is a variable, and ¢ is one of the binary
comparison relations: <, >, =. We write @ |= ¢ if the valuation @ satisfies the
formula ¢. Note that the set of X-valuations satisfying the X-predicate ¢ is
closed.

Let P be a finite set of variables, each ranging over a finite type. A P-
valuation f is an assignment of values to variables in P. For a P-valuation f and
a subset Q C P, £(Q) denotes the @-valuation obtained by the restriction of f
to the variables in (). A P-event is a pair (f,f’) consisting of P-valuations f and
f’ denoting the old and the new values of the variables in P. A P-predicate y
is a subset of P-events. While writing P-predicates as formulas, we use primed
variables to refer to the updated values. For instance, the P-predicate p’ # p is
the set of all P-events (f,f’) such that £'(p) # f(p). We use stuiter(P) as an
abbreviation for the predicate A,ep p' = p.

With these conventions, we proceed to define timed processes as a model
for real-time systems. All real-time systems that can be specified in the S/R
language of COSPAN can be described as timed processes.

Timed processes A timed process A is a tuple (S,50,0,1, X, a, u, E}, where

— S is the finite (nonempty) set of locations.

— Sp € S is the nonempty set of initial locations.

— X is the finite set of real-valued variables, called clocks.

— O is the finite set of output variables, each ranging over a finite type. An
output of A is a O-valuation.

— I 1s the finite set of input variables, each ranging over a finite type. It is
required that I and O are disjoint. An input of A is an I-valuation, an input-
event is an I-event, and an input-predicate is a I-predicate. An observation
of Ais a (1UO)-valuation, and an observation-event of A is a (I UO)-event.

— a is the invariant function that assigns the X-predicate a(s) to each location

s € S. A state o of A is a pair (s,P) containing the location s € S and the

X-valuation @ € «a(s). The set of all states is denoted X 4. The state (s, P)

is initial if s € Sy and ¢(z) = 0 for all z € X.

p is the output function that assigns the output u(s) to each location s € S.



— F is the finite set of edges. Each edge e is a tuple (s,,¢,x,Y) consisting
of the source location s, the target location ¢, the X-predicate ¢, the input-
predicate y, and the set Y C X of clocks to be reset. It is required that E
contains the edge (s, s, true, stutter(I), ) for each location s and for given
source and target locations, there is at most one edge between them.

Consider a state o = (s,®) of the timed process A and a positive time increment
8. The process A can wait for § in state o, written wait(o, 8), iff for all 0 < ¢ < 6,
(®+8) E a(s). A timed event v of the timed process A is a tuple (§,f,f)
consisting of a positive real-valued increment § and the observation-event (f, {').
Such an event means that the process can wait for the time period é and then
update its output variables from £(O) to £'(0) while the environment is updating
the input variables from £(7) to £'(T). The set of all timed events of A is denoted
T'y.

The timed process A gives a labeled transition system over the state-space
X4 with the labels I'4. For states o = (s,®) and 7 = (£,0) in T4, and a timed
event v = (6,f,1') in I'4, define o L oriff £(0) = u(s), t'(0) = u(t), wait(s,§),
and there exists an edge (s,t,¢,x,Y) such that (& +6) | ¢, (f,f') = x, and
O = (¥ + 6)[Y :=0]. We write 0 - if ¢ - 7 for some 7.

Proposition1 (Closure under stuttering). Fory = (6,f,f'), ifc 5  then

for every 0 < & < 8, there exists o' with o = o' and o' L5 7 where v/ = (6',£,f)

and v" = (6 = &, £,1').

Example Figure 1 depicts a timed process representing an inertial delay buffer
with non-deterministic delay between d,,;, and dp,qz. According to the inertial
delay model, an input pulse must have duration at least d,,;, to be reflected
at the output, and any input pulse of duration more than d,,q; has to create a
corresponding pulse at the output. Note that any logic gate with inertial delay
can be modeled as a delayless logic gate followed by an inertial delay buffer.
Observe that, in our model of timed processes, a process spends nonzero time

Delay S [dmin, dmar]

i Initial
2 0 -
dmin S t S dma.r . . d"”" S t S dma.r

Fig.1. The timed process corresponding to an inertial delay buffer with
non-deterministic delay between dymin and dmas.



in each location and transitions are instantaneous. The enabling condition on a
transition can refer to the old (unprimed) as well as the new (primed) values of
the inputs, this makes the use of transient (zero-time) states unnecessary.

Timed language A {imed event sequence ¥ = 49,71, ..., Yk—1 18 a finite se-
quence of timed events v; = (é;,f;,1]) such that f;;; = £/ for 0 < ¢ < k. For
such a timed event sequence, define Ag = 0 and A; = Z;;é 6; for 1 < i < k.
Each such 7 uniquely defines a function Fx from the closed interval [0, A;] to
the observations given by F5(t) =f; for t € [A;, Ajq1) and F5(Ag) =1 _,.

A run of A on a timed event sequence 7 is a sequence of states o9, 01,09, ..., 0%
such that oq LY o1 n o9 a2 or in A. The timed event sequence 7 is called
a trace of A if there exists a run in A on 7 starting from an initial state. The

timed language of a process A, denoted L£(A), is the set of traces of A.

Timed abstraction relations Consider two timed processes A = (S4, 54, 04,
I, XA o pA B4 and B = (SB, S, 0B, 18 X8, of uP EB). The timed
process A is comparable to B iff O C O4 and IP C 14,

Suppose A is comparable to B. Then, a ttmed simulation relation from A
to B is a binary relation {2 C Y4 x X'p among the states of the two processes
such that for every (o, 7) € 2 and for every timed event v in I'y if ¢ - ¢’ then
there exists 7 € Xp such that 7 = 7/ and (¢/,7') is in £2. The timed simulation
relation §2 is said to be initialized iff for every initial state o of A, there exists
an initial state 7 of B with (o, 7) € £2. If the timed process A is comparable to
the timed process B, and an initialized timed simulation relation from A to B
exists, then A is said to timed-simulate B, written A <g B.

If timed process A is comparable to B, A is said to be timed-implement B,
denoted by A <; B, iff for every trace 74, there exists 72 in L(B) assigning the
same values to the input and output variables of B at all times, i.e., F5a (IB U
08) = Fse. < 1s also referred to as the language inclusion relation.

Proposition2 (Preorder). The relations <s and < are reflexzive and tran-
sitive.
The two timed processes are timed simulation equivalent, written A =g B, iff
both A <g¢ B and B <g A. It follows that the relation =g is an equivalence
relation. Similarly, the timed language equivalence 22y, is the equivalence induced
by <r.

Timed simulation is a stronger requirement than timed implementation.

Proposition3 (Languages and timed simulation). If A <s B, then A <,
B.
Composition of timed processes The key operator to build complex pro-
cesses from simpler ones is parallel composition. Consider two timed processes
A= (84,5404 1A XA o, p? EA) and B = (SP,SB OB, 1P, XB, of uB,
EB). We assume that the clocks X4 and X2 are disjoint (this can be achieved
by renaming). The two timed processes A and B are composable iff their output
variables O4 and OP are disjoint. For two such composable timed processes,
their parallel composition A || B is the timed process with the following compo-
nents:



— The set S of locations equals S4 x SB.

— The set Sy of initial locations equals S3' x SZ.

— The set O of output variables equals 04 U OF.

— The set I of input variables equals (I* U I?)\ O.

— The set X of clock variables equals X4 U XB.

— For every s € S and t € SB, the invariant a((s,)) equals the conjunction
at(s) AaB(1).

— For every s € S4 and t € SP| the output p((s,t)) equals u?(s) U uB(2).

— For every edge e = (s,t,,x,Y)in EA and ¢/ = (s, #,¢', X', Y') in EB| the
set F contains the edge ({(s,s), (t,t'), o A¢’', X", Y UY’), where the I-event
(£, £ isin X" iff FURB@), ' UpP ) = x and (FUpA(s), f'Upt(s)) E ¥

First observe that the parallel composition operator is commutative and asso-
ciative:

Proposition4. A||B=s B|| A, and A|| (B||C)=s (A|| B) || C.

The composed process is an implementation of each component:
Proposition5. A || B <g A.

Both the timed equivalence relations are congruences with respect to the com-
position operator ||:

Proposition 6 (Compositionality). If A <g B then A || C <s B || C; if
AjLBﬂ’LeTLAHCjLBHC

The compositionality principle tells us that to prove that A || B is a timed
refinement of C' || D it suffices to show separately that A is a timed refinement
of C' and B is a timed refinement of D.

3 Modularity

In this section, we examine assumption-guarantee style reasoning principles for
the abstraction relations. It is not clear if such principles hold for the simulation
preorder, however, for the language preorder, with certain restrictions, a simple
and powerful modularity principle can be obtained.
A timed process A = (S,50,0,1, X,a, pu, E) is said to be nonblocking iff for
all states o in Xy,
() o 2, for some timed event v, and s ,
(2) if o = for some timed event y = (,f, ') then o 5880 for all g and g’ with
g(0) =1(0) and g'(0) =1(0).
The intuition behind this definition is that a non-blocking process should be
able to generate a trace no matter what the sequence of input events is. The
execution of a nonblocking timed process can be viewed operationally as follows.
Consider the timed process in state ¢ = (s,®) with output £ = pu(s). The
process chooses a timed delay 6 such that wait(c,é’), and simultaneously, the
environment chooses a time delay 6”. Let § be the minimum of ' and §”. The
next observable event happens after a delay of . The timed process decides to
update its output from f to f’. The environment decides to update the input from
g to g’ independently. The timed process updates its state to o/ = (s', ®') with
u(s") = £’ by choosing an appropriate edge. Such an update always exists due to



the nonblocking requirement. Thus, while the update of outputs is independent
of the update of inputs, the update of internal variables (i.e., the location and
the clocks) depends on it.

Proposition7 (Closure under composition). If A and B are nonblocking,
then so is A || B.

The following assumption-guarantee rule is useful in modular reasoning.
Proposition 8 (Assumption-Guarantee). For nonblocking timed processes,
ifA|| D= Cand C|| B=r D then A||B=rC| D.

Observe the apparent circularity in the rule: to prove that A || B is a refinement
of C || D, it suffices to prove that (1) A is a refinement of C' assuming that
the environment behaves like D, and (2) B is a refinement of D assuming that
the environment behaves like C'. The proof relies on the fact that all processes
are nonblocking. Let us note a few observations before we give a detailed proof.
First, the rule is incorrect if we remove the requirement of nonblocking. Second,
the rule is incorrect if we replace <, by the simulation preorder <g. Third, recall
that we have required all X-predicates to be closed, (i.e. all invariants labeling
the locations are conjunctions of non-strict inequalities). If we allow predicates
that define open sets (e.g. invariants of the form z < 5), the rule fails again.
In the proof below, we show that a timed process cannot force infinitely many
transitions within a finite interval (the so-called condition of non-Zenoness).
This does not hold automatically with open invariants. In this case, the non-
blocking requirement needs to be strengthened by replacing requirement (1) in
the definition of nonblocking using games. In [GSSL94], such a framework is de-
veloped for (asynchronous) timed T/O automata. However, that complicates the
development considerably (indeed, the proof that the nonblocking requirement
is preserved under composition runs many pages in [GSSL94]).

Proof. The proof is by contradiction. Assume that there exists a timed event
sequence ¥ = 0,71, ...,Yn—1 in L(A || B) and not in £L(C || D). Let 7 =
0,71, -+, Tk—1, Where k& < n be the longest prefix of 7 that is a trace of C' || D.

Let g 27 & .. TES 7 bein C'|| D. Since vg,71, ..., 7n € L(A || B), we have a
run in A || B of the form oq o0 T o & T on. Let oy = (o, 0P) and

Cc D

7 = (r, 1) for all i. From the above, we have

(08, 7Py B (o, 7 PY B S (o Py in A D
and (1€, 0By 8 (7€ oBY 5 "5 (2€ oP)in C || B

The partitioning of the input and output variables of the processes in Figure 2

l‘A ZA yB zC ZC yD

—_— ——
" A B . C D

Yy ZB ZB Yy ZD CL‘D

- -

Fig. 2. The partitioning of the input and output variables.
will be useful in the rest of the proof. Let o7, o2, 7€ and ¥ be denoted by



a, b, ¢ and d respectively. Also let v, = v = (6,f,1’). We have (a, b) RN (a' b
for some (a’,b') € Y4B since 7 is in the language. Consider (a,d) € X 4p and
(e, b) € Yc|B- From the above, A and B can select an increment of é at states
a and b respectively. The rest of the proof splits into two cases.

Case 1. ' and D can both select time increments of ¢ or greater in states ¢ and d.

In this case, letting the environment choose the inputs 24 and z® according
to vx, we have
58,8’ .
(M {(a,d) (»8.8) (a",d') for some a” and d’ such that g and g’ agree with
f and £/ on z4, y* and 24 respectively. Thus vo, 71, ..., 7k—1, {6, g, g') is
a trace of A || D, and since A || D <, C' || D, it is a trace of C'|| D.

(I1) (e, b) <6’Ii>h ) (¢’,d") for some ¢’ and d” such that h and h’ agree with f

and f' on 28 yP and 2 respectively. We conclude that o, 71, ..., Yx—1, (6, h, h’)

is a trace of C'|| D by a similar reasoning.
(T) and (IT), together with the fact that C' and D are nonblocking imply that
Y0, Y1y -y Vh—1, Yk 18 a trace of C' || D, which contradicts our assumption that
Y0,7Y1, -+ Vk—1 18 maximal.

Case 2. Either C or D can not select a time increment of é or greater in states ¢ and

d. Let §¢ and 6" be the largest increments that C' and D can select and let
Ag be the minimum of §¢ and 6. Since Ay < 6, for 6y = (A, f,f), we have

(a,b) 8y (g*by) for some (g'by). Then,

A 1
(M) (a,d) < O’Q’gﬂ) (ag,dp) for some ag and dy such that gy and gf, agree
with £ on 24, y# and 4. With a similar reasoning to (I) in Case 1, we
have that vo,v1, ..., Ye—1, {Q0, 8o, 84) 1s a trace of C' || D.

I (e, b <A0711>]’h0) co, by) for some ¢g and by such that hg and h!, agree
(I1) (e, , 0 ag

with f on 2P y® and z2. From this, we obtain vo, 71, .., Y¢—1, (A0, ho, hj)
as a trace of C' || D.

From (T) and (IT), we derive that vo, 1, ..., Yk—1, 6o is a trace of C' || D.

Note that 7} is equivalent modulo stuttering to vo, 71, .-, Yt -1, fo, 71(60)’ where

%(co) = (6 — Ag,f,1'). If we can show that the latter is a trace of C' || D, we
will have reached a contradiction.
Consider ¢_0 = Y0,71, s Vk—1, 00 and some run of C' || D on this trace. Let
(cf,dy) be the state reached at the end of this run. We can replace 75 by
¢0, and a, b, ¢ and d with g*b, ¢} and d, and repeat the argument in the
proof so far. If it is the case that i1t is possible to select a time increment of
§— Aq at states ¢}, and df, we conclude similarly that vo,71, ..., £ -1, fo, 71(;))
is a trace of C'|| D, which contradicts the maximality of vo,y1, ..., Y&—1, fo-
Otherwise, we can obtain 6; = (A, f f) such that A; < § — Ay and
Y0, Y1y -y Yh—1, 00, 01 1s a trace of C || D. Then, the whole argument can be
repeated again. If the process terminates after finitely many repetitions, we
obtain yo,71, .-+, Yk—1, 00, 01, ...,Hm,'y,(cm), where 7,Em) ={(6— Z?Lo VAV % U8
which is equivalent modulo stuttering to 7%, the contradiction we sought.
Otherwise, we must have an infinite sequence g, 71, ..., Vk—1, 0o, 01, 02, 03, ...



where 6; = (A;,f,f) and Y ;- A; < 6. We will now show that this can not
be the case. Since the sum of the A;’s converges, there must exist [ such
that Z;’i, A; < 1. Let r > [ be such that no clock value assumes a non-zero
integer value after the edge corresponding to #,.. Such an r must exist for
the following reason: The non-zero integer crossing points corresponding to
a clock must be separated by 1 time unit, so there can not be more than
one such crossing per clock after #,. But there are a finite number of clocks,
therefore only finitely many such points, which means there 1s a last one.
We argue that after ,, the same set of clock predicates of the form z o &
are satisfied. This is because no clocks cross integer boundaries other than
0, and the clocks that get reset after 8, satisfy 0 < 2 < 1 on all edges after
6. Let us choose any ¢ > r. By the preceding argument, A, could have been
increased to Z;’iq A;, which contradicts the maximality of A,.

4 Decidability of Timed Simulation

A language inclusion check between non-deterministic timed processes is un-
decidable in the general case® while [692] has proved that computing timed
bisimulation is decidable. We have shown the existence of a timed simulation
relations is a sufficient condition for language inclusion. In the following, we will
show that the problem of checking the existence of a timed simulation relation
is decidable. We achieve this by converting this check to a finite check on the
finitely many equivalence classes of an equivalence relation defined on Yy 5.

Our argument generalizes that of [692] for the decidability of bisimulations.

Preliminaries Let A be a timed process and for each z € X let K, denote the
integer such that z ¢ K, appears in an X-predicate on some edge of A. Also let
Fr(z) = z—|z], the fractional part of z. The region equivalence [AD94] relation
= on X4 is defined as follows: (s,®) = (t,0) iff s = ¢, and for all z € X either
both @(z) and ©(z) are larger than K, or the following hold

o [#(2)] = [6(z)], and
e Forall 2’ € X, Fr(®(z)) > Fr(®(z")) iff Fr(O(z)) > Fr(O(z')), and
o Fr(d(z))=0< Fr(O(z)) =0.

The following lemma will enable us to pick an arbitrary representative of an
equivalence class in the rest of the paper.

Lemma9. If (s, ) <6’£>fl) (t,®") and (s,P) = (s,0), then (s,0) <6I£’>fl) (t,0")

for some 8" > 0 and ©' such that (s, @) = (s,0").

Simulation relations and equivalence classes of =. The following theorem
stipulates that any simulation relation can be extended to one consisting of
equivalence classes of =.

® The halting problem for non-deterministic 2-counter machines can be reduced to
the language inclusion problem in a similar manner to [AD94]. There are two key
differences from [AD94]: the non-halting computations of the 2-counter machine are
encoded as finite strings and accepting states of automata are mimicked by using
output variables. The details of the reduction are too lengthy to present here.



Theorem 10. Let 2 be a timed-simulation from A to B and let X4 and XP be
the clocks of A and B. Define

2 = {(UA,UB) | (e, 0B) = (r4,1B) for some (4, 78) € 2 }
where = is interpreted over X4 U XB. Then, 2 is a timed-simulation relation
from A to B. Furthermore, if §2 is initialized, then so is £2'.

Theorem 10 is important, because it implies that the maximal timed simulation
relation consists of a union of equivalence classes of =. In the following, we will
develop machinery to show that given A and B, the problem of deciding if a
timed simulation from A to B exists can be converted to a condition on the
equivalence classes of = which can be checked in finitely many steps. From this
we will infer that the problem is decidable.

Symbolic simulations For timed processes A and B, let £Q4)p be the set
of equivalence classes of = on Xy 5. With £Q(c4,0P), denote the equivalence
class that the state (o4, 08) € X'a) B belongs to, where o4 c Xy and o? € B,
For (o4, oB), assume that ug, uy, ..., uy are the fractional parts of clock values of
o4 and oP in ascending order. Let k4 be such that wuy, is the largest fractional
part of a clock value of o4. Define

Times((aA,aB)) ={(l—w)|ka <i<k}U{(1-05(uj+uj31)) | ka <i <k}

with the convention that upy; = 1. If we imagine the fractional parts of clocks
ordered on the real line and if we also include the mid-points between each two
adjacent fractional parts, Times consists of the distances between these points
and the next integer point.

We say that X' C £Qy) B is a symbolic simulation from A to B iff for each
£Q(c?,0P) € X the following condition is satisfied. For every t € Times({c?, o B))

and a timed event v = (¢, '), if o4 2 74 then

(1) o8 2L 7B for some 78 such that £Q(t4,mB) e X, and

(2) If A can wait in o4 for time ¢, then so can B in state o@.

Note that, by Lemma 9, the conditions above are independent of what represen-
tative 1s chosen for each equivalence class.

Theorem 11. Giwen X C £Qyp let Rx = {(UA,O'B) | £Q(o?,0P) € X}‘
Rx 1s a timed stmulation relation from A to B iff X 1s a symbolic simulation
from A to B.

Proof. The (=) direction is straightforward. We will prove the (<) direction.
Suppose that X is a symbolic simulation from A to B. Let <O'A, O'B> € Rx and
let o4 5 74 for some timed event y = (t,£,£). We need to show that there
exists a 78 such that o2 L 72 and (rB,rB) € Rx. If t € Times((c?,B)) the
claim holds by the definition of a symbolic simulation. Otherwise, let t,,,, be
the largest element of Times({oc?,oP)). We will denote the latter with Times
in the rest of the proof. There are two cases.

(1) t <tmaz- Then, p <t < q for some p and ¢ in Times. One of p and ¢q has the
form 1 — 0.5(u; + u;41) (call this one r) and the other has the form 1 — u;,
for some i and j. Let 04 = (s &%) and o = (s ®PB). Define § = (r, £, {),



i.e., the time increment in 4 replaced with r. o4 LA 4 since r and ¢ are both

less than 1 — uy,, which means that the same timing predicates are satisfied
by &4, 4 +t and &4 + r. By the fact that X is a symbolic simulation, and
r € Times, o8 2. 7B for some 7P such that (r4,7P) € Rx. We claim that
o2 2 7B which will imply the desired result. This claim follows from the
fact that &8 + ¢ satisfies the same clock predicates as P + r, since no clock
value crosses an integer value between these two clock valuations.

(IT) ¢t > tmasz. Let us consider all points in time when a clock of A takes on
an integer value as A waits for time ¢ starting from state 0. Clearly there
must be a finite number of such points since ¢ is finite and there are a finite

number of clocks. More precisely, let o, o4, ..., UkA be the maximal sequence
of states such that (1) ¢ is reached from ¢4 by waiting for time §;, and has

. . ff
some clock with an integer value, and (2) akA (a1 74, where § =t — 8.

We will prove the original claim in (<) by induction on k. The case where
k = 0 follows from (I). Let us assume that the claim holds for k. We will
show that the claim holds for & + 1. Consider 0‘14, 05‘, . okA, 0}?+1~ Since X
is a symbolic simulation, and since A can wait for §; at o to reach af‘, B
can wait at o for §; to reach P such that £Q(cP,oP) € X. Applying the

. . . .. -5, £ 1
induction assumption to the transition o{! (#=:,500 74, we conclude that

(t—5,,F 1)
—

there exists 72 such that o 7B Thus, at state ¢?, B can wait
for a total of ¢ and take a transition to 72, such that £Q(r4,78) € X, i.e.,
(r4,78) € Ry as desired.

Thus, the problem of checking whether a timed process A timed-simulates
another process B can be reduced to computing the maximal symbolic simulation
relation over the equivalence classes £Q 4| . For this purpose, any of the existing
algorithms for computing simulation (eg. see [KS90, HHK95]) can be adopted
to obtain an algorithm with complexity polynomial in the size of £Q4) 5. The
size of £Q 4 p is polynomial in the number of locations and exponential in the
number of clocks and the size of binary encodings of the clock constraints. This
gives an exponential algorithm for checking timed simulation:

Theorem 12. Given two timed processes A and B, the problem of checking
whether A timed-simulates B 1s solvable in EXPTIME.

We conjecture that EXPTIME is also a lower bound for this problem.

5 Verification Using Homomorphisms

In this section, we propose homomorphisms as an alternative way of proving
timed refinement. Homomorphisms can roughly be viewed as mappings from
the locations of one process to those of the other which conserve the transi-
tion structure. There are several reasons for exploring this alternative approach.
First, the algorithm of the previous section is computationally expensive, and
we do not yet have good heuristics to proceed with an implementation. Sec-
ond, the tool CosPAN already supports the use of homomorphisms for proving



refinements for untimed systems, and thus, for us it is a natural to generalize
this to timed systems. Third, homomorphisms capture the user’s intuition of the
correspondence between the two levels, and it is desirable to make use of this
knowledge*.

For a timed process A = (S,50,0,1, X, a, u, E}, let Ays denote the untimed
transition structure obtained by removing all the clocks and the timing con-
straints. More precisely, let Az = (S, S0,0,1, Eyt), where (s,1,x) € Ey; iff
(s,t,o,x,Y) € E for some ¢ and Y. The states of A, are locations in S
and the events of A,; are observation events of A. The runs of A,; are called

the untimed runs of A. A mapping h : S4 — SP is said to preserve un-

. . . [ 2 Or—1 .
timed behavior iff for each run sg — s; — --- — s of Ay with sg € Sé‘,

h(sq) KL h(s1) LI h(sg) is a run of By, with h(sq) € SP. h preserves

untimed behavior iff A is a state homomorphism from the reachable locations
of Ayt to Byt (See [Kur94] for the definition of homomorphisms for untimed
systems). h is a mapping to be supplied by the user capturing the intuition re-
garding the correspondence of locations at different levels. The syntax of S/R,
the input language of CospPAN, allows specifications of such maps. The verifier
CoSPAN checks, using either an on-the-fly depth-first-search or a BDD-based
symbolic search of the product of the two processes, whether the user-supplied
mapping h preserves untimed behavior. Let us generalize this to timed behavior.

A mapping h : S — SP is said to preserve timed behavior iff for each run
(so, Po) X (s1,P1) noL (sk,Pr) of A starting from an initial state, there
exist Oy, ..., Oy such that (h(sg), Op) 2 (h(s1),©1) no s (h(sk),Or) is a
run of B that starts from an initial state. Note that if there exist such @, ..., O,
then they are uniquely determined. It is easy to show that

Proposition13. If h : S* — SP preserves timed behavior, then A <;, B.

Observe that for a mapping to preserve timed or untimed behavior, it must map
initial locations to initial locations. We restrict our attention to such mappings.

The remaining part of this section describes a method for checking if a given
mapping h preserves timed behavior. This is achieved by converting the problem
to an untimed homomorphism check, which can then be performed by a tool
such as CosPAN [Kur94]. The basic idea is to construct an untimed transition
structure R in the fashion of the region automaton of [AD94]. This approach
has the added advantage that we use the homomorphism checking in CoOSPAN
as a black-box, and thus, we can use either an on-the-fly DFS or a BDD-based
symbolic search.

R has no outputs and the same inputs as A, with an additional input speci-
fying the location that B is at. For notational convenience, an input event of R
will be given as an input event of A together with the old and new locations of
B, sP and tP denoted as (f 4+ s £/ 4+ 1B). The location of R keeps track of the
location of A and the equivalence class that the clock evaluations of A and B
fall in. Let [@] denote the equivalence class of = that @ belongs to. The locations

* A user-given simulation relation has these properties as well, but is harder to specify.



of R are given by

SR = {(s4,[#4,0P]) | s* € S* and &4 and &P are X4 and X P valuations}U{Bad}

The initial locations of R are all locations of the form (s, [0, 0]) where sg' € S&.

Consider a sequence of (untimed) observation events v/ = 4,7, ..., 74_;
where 7, = (f;, /). Note that there are many timed event sequences ¥ = 7o, 71, -.-,
vk—1 such that for all 4, v, = (6;, £, £]) for some 8 > 0. Imagine a run of timed
processes A and B on ¥, where 5 = s, sP .| SE i1s such that sf is the location of
B after timed event 7;. Each location that R can reach on 7/ and 3 corresponds
to some such ¥ and carries the information about the location that A reaches
and the equivalence classes that the clock values of A and B are in.

R has an edge from (s?,[@4 ®P]) to (t4,[©4,@P]) on observation event
v = (£4s8 £ 4+4B) iff for some timed event v = (6, f, ) we have (1) (s, &%) MR
(tA,éA) and (2) (s®,®B) MR (tB,éB) for some [éA,éB] = [04,07]. R has a
transition to location Bad from (s4,[®4,®]) on 4/ if for some 7 as above (1)
holds for some @4 and (2) does not hold for any ©8 . Bad has a self-loop on all
observation events.

By Lemma 9, the choice of the representatives from equivalence classes is
immaterial. Also note that, since clock predicates on edges cannot distinguish
clock valuations belonging to the same equivalence class, one need only consider
values of § that lead to distinct equivalence classes, i.e., different [¢4 46, &2 4 6].

Theorem 14. Let h be a mapping from A to B and let ' : (ST \ {Bad}) — SP
given by h'((s?,[®@4,®P))) = h(s?). h preserves timed behavior iff, assuming
that the location of B is specified by h' at all times, (1) h' preserves untimed
behavior and (2)Bad is unreachable in R.

Proof(=>) Assume that h preserves timed behavior. Let v/ = v§, 71, ..., 74_, be a
sequence of observation events for A. We show by induction on the length of
7' that conditions (1) and (2) of the theorem are not violated by any run on
7' If k = 0, then both claims hold trivially. Assume that we have the desired
properties for k. Consider k+1. By the induction assumptions on (1) and (2),
observe that all runs of R on 74,91, ..., 7;_, where the location of B is given

by A’ must have the form tq, ..., t; where t; = (s;, [le, éz]) Let us take one

such run. By the construction of R we can find runs (sg, ®q) LY (s1,91) AN

ST (s, @y of A, and (h(sq), @0) 22 (h(s1),01) 2 ... 55" (h(sk), O%)
of B such that [®;,0;] = [®;,0;] for 1 < i < k where v; = (6,1, £]) for
all i. Now consider ;. If R has a transition on 7}, then there must exist
e = {6k, 1%, £]) such that (sy, Py) LY (sk+1,Pr+1). Let us pick any such
transition. Since h preserves timed behavior and since h and g, ..., 7x—1
uniquely determine B’s run up to (h(sy), Ok}, we must have (h(sy), O) X
(h(sk41), Ok41). Thus, conditions (1) and (2) are satisfied for k as well.

(<) Assume (1) and (2). Let v0,71,...,7k—1 be a timed event sequence, where
v = (6;,£;, 1)) for all i. We will proceed by induction on k. For k£ = 0, (<)
holds by the fact that initial locations are mapped to initial locations by h.



Assume that (<) holds for k. Consider k + 1. Let (sq,®q) X (s1,P1) n
oSk, Pr) LY (sk+1,Pr+1) be arun of A. By the induction assumption there
exist g, ..., O such that (h(so), @) 22 (h(s1),01) > ... =" (h(si), O) is

a run of B. Then, by (2) and the construction of R, g X t1 R ty 1s
in R, where v/ = (f;,f]) and t; = (s;, [@;, ©;]) for all 7, and the location of
B is specified by A'. Since (sg, Pr) X (sk+1,Pr+1) in A, by the construction

of R, t LY tp+1 for some tg41, while the location of B changes to h(sk41)
from h(sy). By (2), Bad is unreachable from #; in this case. Then, by the
construction of R and (1), there must exist @41 such that (h(s;), O) LY
(h(sk+1), Ok41), which is what was required.

R has size exponential in the number of clocks in A and B and the constants

used in the timing predicates, and linear in |S4 X Sg|. The complexity of checking
(1) and (2) in the theorem is then linear in the reachable part of R.

Implementation and Modular Verification Example We have implemented
an algorithm within the CospaN [Kur94] system to construct R from A and B.
CosPAN supports timing verification and homomorphism checks (see [AK96] for
an overview). Our implementation integrates these two capabilities. Given R
and B, conditions (1) and (2) of Theorem 14 can be checked simultaneously by
CosPAN by an on-the-fly search. If (1) fails, this points to the fact that h does
not preserve untimed behavior in the reachable parts of A and B. If (2) fails, on
the other hand, then B can not follow A due to timing constraints.

We applied the assumption-guarantee reasoning paradigm and the homomor-
phism checking algorithm described above to the verification of an asynchronous
circuit: the Seitz queue element given in Figure 3. The Seitz queue element is a
self-timed circuit that constitutes one stage of a FIFO queue. Tt was studied in
detail in [Rok93]. The functioning of this circuit depends critically on the ranges
of gate delays: if the deviation of the gate delays from the specified values exceeds
20%, the circuit does not function correctly [Rok93]. We model each gate by a
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Fig. 3. The Seitz queue element. The delay for each component is indicated next to it.
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timed process. Each such process involves one clock, except for gates marked “H”



which can pass one hazardous pulse (see [Rok93]), which involve two clocks each.
This 1s not necessarily the most efficient way of modeling this circuit. The main
purpose of this example was to demonstrate the techniques that we proposed for
assumption-guarantee reasoning and homomorphism checks.

The circuit can be viewed as consisting of four blocks. The block marked
“input stage” is responsible for passing on to the rest of the circuit the request
for new data to be read in, and signaling an acknowledge to the requester when
the queue element is ready to receive the data. Similarly, “output stage” signals
a request for passing on the data to the circuit connected to “reqout”, and when
this request is acknowledged and data passed on, signals to the rest of the circuit
that new data can be read in. The “center left” and “center right” stages are
responsible for storing the input data and passing it to the output, and isolating
the stored data from the data that is requested to be input. The timed process
for each block consisted of the composition of the timed processes for its gates.
Let Ajnp, Aci, Acr and Ay be the timed processes describing the input, center
left, center right and output stages respectively.

The verification consisted of two phases. In the first phase, an abstraction

abs

for each circuit block was constructed by hand. Let these be denoted by A

inp)
Agfs, A5 and A28 These abstractions described the qualitative functioning of
each block, and hid the information about particular signals. In other words, the
abstract processes encapsulated the “interface timing behavior” of each block.
Untimed state homomorphisms were specified and it was verified as described
above that each circuit block is an implementation of its abstraction. For this, we
used the assumption-guarantee rule of Proposition 8. For each block, we showed
that A <g Af’bs in the context of the abstractions of the rest of the circuit

blocks. For instance, for the input stage we showed

Ainp [|AZ AT (1A <5 Afnp (AL 1AL 1AL (1)

cl out inp cl out

Since the state space of the composition of the abstractions was too big, we
actually showed
Ainp | Ainy s Afs || Agny (2)

where Afgj is a timed process that incorporates the information about .42%* ||
Agbs || A%52 that is necessary for proving (2). We then verified

out
AT NALS A =5 AR (3)

With some manipulation, we can infer (1) from (2) and (3) by Propositions 5 and
6. The same methodology was used for each of the circuit blocks. In some cases,
when checking the equivalent of (3) it was possible to “free” some of the processes
on the left hand side, i.e., disregard their transition structures and consider them
as processes that pose no restriction on their inputs and outputs. This was useful
in reducing the computation involved in checking (3). The conclusion from the
first phase was that

Ainp || Act | Aer [| Aour - =5 AGy || AL [ AL || AGL
In the second phase of the verification, a high level abstraction A% of the whole

circuit was constructed, and it was shown that AgY || A%)® || ASl® || A2%s <s



A by constructing and verifying a homomorphism as before. We will refer to
this as the “overall” abstraction.

The Seitz circuit has the property that the center stage can be repeated n
times to construct a FIFO queue of length n. Verification techniques similar to
the above can be used to verify such a queue with only a polynomial increase in
complexity, contrasted with the exponential dependency of the state space on n.

The data from the experiments is listed in Table 1. The homomorphism check
was performed within CospAN using BDDs as an implicit representation for sets
and relations. CoSPAN has the capability to return a counterexample if the
desired relation does not hold. This was instrumental in obtaining a correct
abstraction by iteration. Tests were run on an SGI machine with 1 GB memory.
To act as a comparison, we attempted to run timed reachability analysis on

Num. of|Largest timing|Num. of loc.s of R| BDD nodes [CPU time
clocks constant (in thousands) |(in thousands)| (seconds)
Input 6 32 .24 15 39
Input (Env) 3 12 6 13 15
Center Left 11 22 18 131 403
Center Right 11 22 19 142 4879
Center (Env) 3 32 12 7 30
Output 8 22 478 235 1029
Output (Env) 3 12 4.9 15 16
Overall 9 32 101 262 8115

Table 1. (Env) denotes the verification corresponding to equation (3). The same envi-
ronment abstraction was used for both center blocks. Since timing constants must be
integers, a 20% variation in a gate delay of k is represented by specifying the delay to
be between 5k and 6k.

the complete circuit without using any compositional rules and abstraction. The
computation did not complete: the computer ran out of memory after running
for several hours.

6 Conclusion and Future Work

We proposed a framework for hierarchical reasoning about real-time systems.
Our framework supports modular and compositional verification rules. We proved
that the problem of checking for timed simulation relations is decidable. On the
application side, we generalized the notion of state homomorphisms to timed
processes, and gave an algorithm to check if a given map between the locations
of two processes preserves timed behavior. The proposed algorithm was imple-
mented in COSPAN, and as a case study, we dealt with the Seitz queue circuit.

Our experience was that it can be difficult to specify a correct homomor-
phism and one usually has to go through several iterations. Therefore, it would
be valuable to have the capability to check for timed simulation relations with-
out the user needing to provide the relation. The only concern is that such an
algorithm may be too complex. Heuristics can be devised for certain application
domains.



The construction of R, the process encapsulating the timing information, is
not as efficient as it could be. Any method for making timing verification more
efficient, such as partial order reductions, could in principle be incorporated into
our current scheme.

We believe that our work will be useful in applications such as asynchronous
circuits and hardware software co-design, where abstract descriptions of systems
necessarily include timing information.
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