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Abstract—In the near future, humans and robots are expected to per-
form collaborative tasks involving physical interaction in various envi-
ronments, such as homes, hospitals, and factories. Robots are good at
precision, strength, and repetition, while humans are better at cognitive
tasks. The concept, known as physical human-robot interaction (pHRI),
takes advantage of these abilities and is highly beneficial by bringing
speed, flexibility, and ergonomics to the execution of complex tasks. Cur-
rent research in pHRI focuses on designing controllers and developing
new methods which offer a better tradeoff between robust stability and
high interaction performance. In this paper, we propose a new controller,
fractional order admittance controller, for pHRI systems. The stability
and transparency analyses of the new control system are performed
computationally with human-in-the-loop. Impedance matching is pro-
posed to map fractional order control parameters to integer order ones,
and then the stability robustness of the system is studied analytically.
Furthermore, the interaction performance is investigated experimentally
through two human subject studies involving continuous contact with
linear and nonlinear viscoelastic environments. The results indicate that
the fractional order admittance controller can be made more robust and
transparent than the integer order admittance controller and the use of
fractional order term can reduce the human effort during tasks involving
contact interactions with environment.

Index Terms—Physical human-robot interaction (pHRI), fractional or-
der admittance control, robustness, stability, effective impedance,
impedance matching, contact interactions, needle insertion.

1 INTRODUCTION

R EPEATABILITY and accuracy of robots are, typically, su-
perior to humans; however, the problem solving skills

and adaptability of humans are unmatched. Integrating the
benefits of human and robot into tasks involving physical
interaction, pHRI, may result in a significant increase in
the overall performance. Such collaborative tasks require
human and robot to be in the same environment and interact
with each other throughout the operation. For instance, in
a home or an office setting, a robot may collaborate with a
human user to assemble or move furniture [1]. In a factory,
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a robot and a worker may install a windshield on a car
together [2]. In a hospital, a robot may work with a surgeon
to operate on a patient. In such scenarios, in addition
to being safe, the robot should maintain the stability of
the coupled system under changes in both environmental
conditions and human dynamical behaviour, while helping
human to achieve a high task performance. Seeming trivial,
the contradicting nature of stability and high performance
requirements creates challenges for researchers.

To regulate a physical interaction between human and
robot, impedance/admittance based controllers have been
widely used [3]. An impedance controller computes forces
to be applied by a robot for an imposed motion, while an
admittance controller computes the trajectory to be followed
by a robot under the action of forces applied. In general, it
is more natural to utilize admittance control when robots
used in pHRI tasks do not posses high backdrivability. Such
robots are usually motion controlled; hence, the interaction
force between human and robot serves as the input to
an admittance controller that generates velocity references
for the motion controller of the robot. In a typical imple-
mentation for pHRI, an admittance controller regulates the
dynamics of interaction through a linear admittance model
that consists of inertial and dissipative elements. Spring
elements are not preferred for collaborative manipulation
tasks as they force the robot to return to an equilibrium
position, which is typically not desirable.

In this paper, we propose a fractional order admittance
controller (FOAC) for pHRI. This control scheme relies on
the fractional order calculus, which allows the use of inte-
grators/differentiators of arbitrary orders. Hence, in addi-
tion to adjusting the usual admittance controller parameters
(i.e. admittance mass and damping), one can also change the
output response characteristics of the closed-loop system
by changing the order of integration. In particular, order
of integration enables more effective control of frequency-
dependent response of FOAC and brings more flexibility
to adjust the trade-off between stability and transparency,
making it well-suited for applications that involve pHRI. In
this paper, the stability and robustness of such a controller
and its effect on human effort and task performance during
contact interactions with linear and nonlinear environments
are investigated and compared to those of an integer order
admittance controller.
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1.1 Related Work

Ensuring stability of pHRI systems is challenging due to the
presence of human in the control loop. The coupled stability
analysis that involves the human operator coupled with
the rest of the system is not trivial, since human dynamics
display nonlinear, time and configuration-dependent char-
acteristics and hence is hard to model and analyze. Inter-
action with an environment makes this analysis even more
challenging, as the impedance of the contact environment is
also likely to be nonlinear and even uncertain. In such cases,
the robot interacts with a combined impedance of human
arm and environment; hence, a comprehensive model for
their dynamics is required to conduct stability analysis. It is
highly challenging to develop such a model that can also be
integrated with existing analysis methods.

Modeling the dynamics of human arm and environment
as linear second order mass-spring-damper systems is a
commonly used simplifying assumption that allows one to
identify basic factors effecting the coupled stability. As it
has been observed in the literature, the human arm and
environment model, specifically the stiffness components in
those models, have a direct effect on the coupled stability
of admittance controllers [4], [5]. In particular, the root-
locus technique has been used by Tsumugiwa et al. [5] to
determine the coupled stability of a control system designed
for a pHRI task and it has been shown that the environment
stiffness is the most dominant factor contributing to the
instability of the system. Duchaine et al. [6] have estimated
the human arm stiffness experimentally and utilized this
information in Lyapunov stability analysis to determine the
critical damping required for the closed-loop system to be
stable. This method relies on the maximum arm stiffness
identified offline; hence, neglects the time-varying nature of
human arm dynamics. In contrast, in [7], human arm model
has been estimated on-line using EMG sensors and con-
troller gains are adjusted on-the-fly based on the estimated
arm stiffness to ensure coupled stability of the system.
Instead, in [8], human arm stiffness is estimated indirectly
by measuring the grasping force applied by human. It is
assumed that the tight grasp by the human results in an
increase in the stiffness reflected to robot, and the controller
gains are adjusted accordingly. However, this method re-
quires design of a gain scheduler and additional handles
equipped with pressure sensors for the implementation.

The coupled stability analysis of the pHRI systems
for a large class of human and environment models can
also be conducted using the passivity framework [9], [10].
This approach assumes that human operator behaves as
a passive network element in the closed-loop system and
does not intentionally generate energy to destabilize the
system. Therefore, if the rest of the control system can be
guaranteed to be strictly passive, one can argue that the
closed-loop system is also passive, and the coupled stability
can be ensured. In this approach, stability is guaranteed for
large ranges of the human arm/environmental impedances.
However, satisfying passivity condition brings conservative
constraints on the controller gains [10], [11], which can
degrade the task performance in pHRI.

As an alternative, Hannaford and Ryu [12] proposed
time-domain passivity approach, based on a passivity ob-

server (PO) and a passivity controller (PC). Instead of using
fixed controller gains throughout the interaction, PO esti-
mates energy flow in and out of a system, and if an active
behavior is detected, PC acts as an adaptive dissipative
element to absorb the excessive energy measured by the PO.
In [13], this approach has been extended to teleoperation
and its effectiveness has been experimentally validated.
Later, a more general framework based on this approach
has been proposed for larger class of control systems [14].
Utilizing time domain passivity framework helps relax the
conservativeness of the frequency domain passivity frame-
work and promise stable human-robot interactions in the
absence of human and environment models. However, this
method requires estimation of exchanged energy through
sensor measurements, which may prove challenging due
to sampling, noise, and quantization. Furthermore, abrupt
engagement of PC may disturb the quality of interaction.

Satisfying passivity throughout the interaction ensures
that robot behavior is never active (i.e. energy is not gener-
ated), so that stability can be guaranteed for a large range of
human/environment impedances. The conservativeness of
the passivity frameworks can further be relaxed by taking
advantage of partial knowledge of the model of human and
environment. For instance, even though the dynamics of hu-
man arm changes over time, human arm impedance varies
in a relatively limited range [15], [16]. Along these lines,
Haddadi and Hashtrudi-Zaad [17] relaxed the passivity con-
straints when the the bounds of the environmental/human
arm impedances are known.

Given that non-passive (i.e. active) systems are not nec-
essarily unstable [18], Buerger and Hogan [19] proposed a
complementary stability approach to ensure robust stability
without the need for passivity. In this approach, the goal
is to design a robust controller that can maintain stability
for a bounded range of human/environment impedances.
Due to the complex interaction of the control parameters
with the coupled human-robot system, analytical methods
prove to be prohibitive for complementary stability; hence,
this approach relies upon computational techniques.

1.2 Contributions

Earlier studies in pHRI rely on integer order admittance (or
impedance) controllers (IOAC). In our recent study [20], we
have provided evidence that a fractional order admittance
controller (FOAC) can offer better stability characteristics
than IOAC for pHRI. This paper significantly extends our
initial results by providing more comprehensive theoretical
and empirical comparisons of FOAC and IOAC. In particu-
lar, in terms of theoretical analysis, we extend our stability
maps to cover multiple differentiation orders, introduce the
concept of impedance matching to enable fair comparisons
between FOAC and IOAC, and present stability robustness
and transparency analyses of both controllers. We also ex-
tend our empirical investigations by providing results of a
needle insertion experiment that involves a more complex
nonlinear environment.

FOAC introduces an extra controller parameter, the in-
tegration order, that helps regulate the dynamics of the
interaction between human and the robot, bringing more
flexibility to the controller design. FOAC is advantageous



1939-1412 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TOH.2018.2810871, IEEE
Transactions on Haptics

IEEE TRANSACTIONS ON HAPTICS, VOL. ?, NO. ?, 2017 3

as it enables effective control of the frequency dependent
response, while still relying on the powerful analysis tools
provided by linear systems theory. For instance, FOAC
allows for effective damping to increase with frequency,
providing further robustness at relatively high frequencies,
while not significantly interfering with the quality of the
interaction at low frequencies where intentional control
takes place.

The rest of this article is organized as follows: Section 2
presents preliminaries and the control architectures used
in this study. Stability, transparency, impedance matching,
and stability robustness analyses are reported in Section 3.
Two different human subject experiments conducted to as-
sess the task performance during interactions under FOAC
and IOAC are reported in Sections 4 and 5, respectively.
Conclusions and future research directions are provided in
Section 6.

2 PRELIMINARIES

2.1 Fractional Order Control

Fractional order calculus, a generalization of well-known
integer order calculus, allows differentiation and integration
of arbitrary orders. Fractional order calculus has been suc-
cessfully utilized in many application areas, ranging from
modeling of viscoelastic materials [21] to motion control of
robotic systems. Impedance controllers based on fractional
order calculus have been proposed and analysed in [22], [23]
for haptic rendering.

Calculating a fractional order derivative/integral (differ-
integral) is not trivial. There exist multiple mathematically
well-founded definitions for differintegration and one has to
choose the appropriate definition based on the application
area. In this study, the Grunwald-Letnikov definition is used
for calculation of fractional order differintegrals, since this
definition enables easier implementation in discrete time
domain [24].

The Grunwald-Letnikov definition for fractional order
differintegral is given as

Dαy(t) = lim
h→0

1

hα

(t−a)/h∑
i=0

αCiy(t− ih) (1)

where α is the order of the differintegral, h is the step size
of the calculation, a is the window length, and αCi can be
evaluated recursively from

αC0 = 1, αCi = αCi−1(1− α+ 1

i
), i = 1, 2, ... (2)

Fractional order differintegral is a linear operator; hence,
fractional order systems/controllers can be designed as lin-
ear time-invariant (LTI) systems and analysed using familiar
methods. However, fractional order differintegral is a non-
local operator, that is, it has a memory and relies on the
whole history. In real-time implementation, relying upon
the short memory principle, the summation is approximated
using a finite horizon into the recent past, as the earlier
values are known to have a rapidly decaying influence on
the current solution.
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Fig. 1. Control architecture of the pHRI system

2.2 Characterization of the Robot
In our experiments, subjects interact with a UR5 robot
(Universal Robots Inc.) to perform pHRI tasks. Since the
dynamical model of the robot is not provided by the man-
ufacturer, it is obtained experimentally along the horizontal
axis for a specific joint configuration. That is, a transfer
function G(s) of the robot is estimated between recorded
V (s) and commanded (reference) Vref(s) velocities of the
end-effector, where

G(s) =
1.45e−6s3 − 0.75s2 + 3.92e5s+ 5.48e7

s4 + 190.9s3 + 2.73e4s2 + 1.72e6s+ 5.55e7
(3)

2.3 Control Architecture
Fig. 1 shows the admittance control architecture used in this
study. In this architecture, we assume that there are physical
interactions among human, robot, and environment. Hu-
man applies force, Fh, to the robot to move it with a desired
velocity, vdes, and interact with the environment. The resul-
tant interaction force is measured by a force sensor attached
to the end-effector of the robot. This measurement is filtered
by a low pass filter H(s), and the filtered interaction force,
Fint, is then sent to the admittance controller Y (s). The con-
troller generates the corresponding reference velocity vref.
Then, robot’s motion controller transmits sufficient torque
to its joints in order to closely achieve the reference velocity.
The robot’s motion controller is robust to the environmental
forces acting on its end-effector and it is assumed that the
motion of the robot is not significantly affected by these
forces. The transfer function of the closed loop system is
given by

T (s) =
V (s)

Fint(s)
=

G(s)Y (s)

1 +G(s)Y (s)H(s)Zeq(s)
(4)

Human and environment are assumed to be coupled, and
Zeq = Zh + Ze represents the equivalent impedance, where
Zh and Ze represent human and environment impedances,
respectively.

Using the control architecture given in Fig. 1, we com-
pare IOAC and FOAC in terms of stability and closed loop
impedance characteristics.

2.3.1 Integer order admittance controller
IOAC has been already used in earlier pHRI studies in the
following form:

Y (s) =
1

ZIOAC
=

1

mIs+ bI
(5)

where ZIOAC(s) represents the denominator of the IOAC,
and mI and bI are the admittance controller parameters,
corresponding to mass and damping, respectively.
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2.3.2 Fractional order admittance controller

FOAC is defined as

Y (s) =
1

ZFOAC(s)
=

1

mF sα + bF
(6)

where α corresponds to the fractional order of the integrator.
Here, ZFOAC(s) stands for the denominator of the FOAC,
and mF and bF are the admittance controller parameters.
In this study, the range of the integration order is kept as
0 < α ≤ 1. Thanks to the analytical nature of fractional
order differintegration, as the integration order is decreased
gradually from 1 to 0, the inertial energy storage char-
acteristics of the controller decay and energy dissipation
characteristics dominate. For α = 0, the controller acts like
a pure damper. On the other hand, when the integration
order is α = 1, FOAC becomes IOAC. Therefore, the
effective mass and damping [23] supplied by the controller
to the system change depending on the integration order α,
while dissipative effects are present throughout the range
0 < α < 1. To demonstrate the effect of integration order on
dynamical response of FOAC, consider ZFOAC expressed in
the frequency domain

ZFOAC(jω) = mF (jω)α + bF

= bF +mFω
α cos(

απ

2
) + jmFω

α sin(
απ

2
) (7)

In this equation, the effective mass and damping provided
by FOAC are mFω

α−1 sin(απ2 ) and bF + mFω
α cos(απ2 ),

respectively, whereas these values are simply mI and bI for
IOAC. Hence, unlike in the integer order case, the effective
damping in FOAC is frequency-dependent, and can be
adjusted by altering the integration order α. This property
of FOAC is of interest for pHRI tasks, as it can improve sta-
bility robustness of interactions in tasks involving contacts
with environment.

3 ANALYSIS OF THE CONTROLLERS

This section investigates the coupled stability of the pro-
posed FOAC and compares it with IOAC. Furthermore, the
transparency of these systems are also investigated using
the effective impedance analysis [25], [26].

In these analyses, human impedance is modeled as a
second order LTI system as

Zh(s) =
mhs

2 + bhs+ kh
s

(8)

where mh, bh, kh represent human arm mass, damping,
and stiffness, respectively. Moreover, contact environment
is modelled as a spring with stiffness of ke, where environ-
ment impedance is Ze = ke/s. In our analyses, we combine
human arm and environment impedance and investigate
the stability robustness to variations in the stiffness com-
ponent of the equivalent impedance, which is the main
factor affecting the stability as suggested in earlier stud-
ies [4], [5]. The equivalent impedance used in our study
is Zeq =

mhs
2+bhs+keq

s , where equivalent stiffness becomes
keq = kh + ke.

3.1 Stability

For safe pHRI applications, it is imperative to guarantee
the coupled stability of the closed-loop system. Stability
analysis of interaction control is challenging, as the stan-
dard tools used for servo control cannot be applied. In
particular, as noted in [19], two fundamental differences
exist for interaction control systems: the closed-loop stability
and performance cannot be predicted and characterized
using the open-loop transfer function, and the controller
does not predictably affect the stability and performance of
the coupled system. Consequently, there exists no obvious
way to analytically study stability and performance of such
systems, while computational approaches have been shown
to provide promising results [19].

Along these lines, we compare performance of FOAC
with IOAC through computational stability and trans-
parency analyses of these controllers. It is important to note
that fractional order nature of the control systems makes
any form of analytical analysis even more challenging.

The stability characteristics of the coupled system is
analyzed for different controller parameters using stability
maps. A stability map is a graphical representation of the
controller parameters for which the resulting closed-loop
system becomes stable for a range of environment/human
arm impedances. The stability analysis is performed by
numerically studying the location of the closed-loop poles
of the system. The search for a stable set of controller pa-
rameters is relatively straightforward when the admittance
controller is of integer order. However, when a fractional
order element is used in the control loop, the resulting
characteristic equation no longer takes a polynomial form;
hence, the stability analysis becomes more involved.

For fractional order systems that are of commensurate
order, checking the stability of the system with a non-
polynomial characteristic equation can be accomplished by
performing a transformation from the fractional order do-
main to the integer order domain. According to Matignon’s
theorem [24], [27], the resulting integer order system pos-
sesses equivalent stability characteristics as the fractional
order system.

The stability maps for FOAC (α = 0.4 and 0.7), and
IOAC (α = 1) are constructed to investigate the effect of
integration order α on stability robustness to the changes in
equivalent stiffness keq of the system. The range for the val-
ues of keq is set to be comparable to the maximum value of
human arm stiffness reported in [15], [16]. In these analyses,
it is assumed that human always maintains his/her contact
with the end-effector of the robot. In such a condition, mass
and damping levels in human arm model would not change
significantly, where the arm stiffness may change due to
the co-contraction of muscles. Hence, the robustness of the
proposed controller is investigated for changes in equivalent
stiffness, as it has been reported that change in stiffness of
human arm and/or environment significantly contributes to
the instabilities observed in pHRI [4], [5]. In particular, the
stability analyses are conducted for a range of equivalent
stiffness values, while typical values of bh = 15 Ns/m and
mh = 1.5 kg are used for the reflected arm damping and
mass, respectively.

Fig. 2a depicts the stability map for IOAC for keq ∈
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Fig. 2. Stability maps of pHRI system for stiffness range keq ∈ {410− 810} N/m under (a) IOAC α = 1, (b) FOAC α = 0.7, and (c) FOAC α = 0.4.

{410 − 810 N/m}, where a relatively large range of values
are utilized for equivalent stiffness since the stiffness of
human arm is assumed to be coupled with that of the
environment. From these plots, the destabilizing nature of
the equivalent stiffness can be observed; as the equivalent
stiffness increases, the area for which the closed-loop system
is stable gets smaller. Moreover, it can be seen that higher
admittance damping is required to stabilize the system for
higher values of equivalent stiffness, which is consistent
with the findings reported in [4], [5].

Similar analysis is conducted for FOAC and the resulting
stability maps for α = 0.7 and α = 0.4 are presented in
Figs. 2b and 2c, respectively. It can be observed from these
plots that the change in the stability regions of FOAC for
varying equivalent stiffness levels is much less compared to
that of IOAC. In addition, it can be observed that robustness
to variations in equivalent stiffness increases as integration
order α decreases (Figs. 2b and 2c).

These results indicate that, under the assumptions of
a second order LTI model for human arm and contact
interaction with a relatively stiff environment modelled as a
linear spring, parameters of FOAC can exhibit significantly
higher levels of robustness to the changes in the environ-
ment/human arm stiffness values.

3.2 Transparency
We computationally compare the transparency of pHRI
systems under IOAC and FOAC through studying their
effective closed loop impedances. For the system in Fig. 1,
the closed loop impedance displayed to human Zdisp(s) is

Zdisp(s) =
Fh(s)

V (s)
=

1 +G(s)Y (s)H(s)Ze(s)

G(s)Y (s)H(s)
(9)

The impedance reflected to human can then be decomposed
into effective mass (EM(ω) = ω−1=+{Zdisp(jω)}), effective
damping (ED(ω) = <+{Zdisp(jω)}), and effective stiff-
ness (ES(ω) = ω=−{Zdisp(jω)}) components, as suggested
in [25], [26], where Zdisp(jω) is the frequency response of
the closed loop impedance transfer function.

For a comparison of IOAC with FOAC, a stiffness value
of ke = 610 N/m is selected for the environment. The
admittance controller parameters are set as mF = {5, 20}
kgsα−1, mI = {5, 20} kg, and bF = bI = 25 Ns/m. These

values are chosen from the stable region in the stability
maps in Fig. 2. The effective mass, damping, and stiffness
for these systems as a function of frequency are depicted
in Fig. 3a-c. It can be observed from these plots that the
effective mass stays close to zero up to the natural frequency
(ωn), since effective stiffness dominates the dynamical be-
havior within that range. When ω > ωn, the effective mass
for IOAC is higher than that of FOAC. The effective stiffness
is higher under FOAC than that of IOAC for ω < ωn.
Afterwards, it becomes close to zero as the effective mass
dominates the behavior of the system for ω > ωn. Natural
frequency of the system under FOAC is higher than that
of IOAC, since higher effective stiffness and lower effective
mass are rendered under FOAC. This behaviour can also
be observed by inspecting the magnitude and phase plots
(Figs. 3d and 3e) of the closed loop system.

Effective damping analysis in Fig. 3c reveals that the
effective damping supplied by FOAC remains high for a
larger range of frequencies compared to IOAC and displays
an increase with frequency almost up to the natural fre-
quency of the system. This behaviour is beneficial as higher
effective damping at higher frequencies contributes to sta-
bility robustness, while relatively lower effective damping
at lower frequencies may lead to higher task performance
due to better transparency.

3.3 Impedance Matching

Providing the range of controller parameters under which
the closed loop system stays stable, stability maps are useful
to study the stability robustness of a system under uncer-
tainties. However, stability maps cannot be employed to
directly compare controllers of different integration orders,
as the control parameters for each integration order have
different physical characteristics and different units. Fur-
thermore, given the frequency dependent nature of FOAC,
a direct analytical mapping between IOAC and FOAC pa-
rameters can only be provided at a particular frequency.

To enable a comparison between IOAC and FOAC pa-
rameters, we propose impedance matching to map the
parameters of FOAC to the parameters of an equivalent
IOAC at a given frequency of interest. In particular, given a
frequency (ω0), the closed loop impedance under FOAC can
be matched to that of IOAC using (9). Since Ze,H , andG are
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Fig. 3. Effective stiffness (a), effective mass (b), and effective damping
(c) of the impedance transfer function. Magnitude (d) and phase (e) plots
of the closed loop transfer function.

the same for both controllers in (9), equating the controller
admittance transfer functions Y becomes sufficient for the
closed loop impedance matching at a particular frequency
ω0 as follows

YI(jω0)=YF (jω0) =⇒ 1

mIjω0+bI
=

1

mF (jω0)α+bF
(10)

It can be shown that the above complex equality is satisfied,
when the following equivalence relations hold among the
controller parameters

bI = bF +mFω
α
0 cos(

πα

2
) (11)

mI = mFω
α−1
0 sin(

πα

2
) (12)

Under the impedance matching, these equations provide
a direct mapping among parameters of FOAC and IOAC,
at ω0. Note that, while FOAC is designed as a linear time-
invariant (LTI) system and analyzed using familiar methods,
FOAC provides frequency dependent admittance controller
parameters. One can observe from these equations that, for
α < 1, the mapped damping parameter of FOAC increases,
and the mapped mass parameter of FOAC decreases, as ω0

increases. However, the controller parameters for an IOAC

are independent of ω. Frequency dependence of FOAC is
beneficial as low values of mapped damping parameter
at low frequencies can improve transparency, while high
values of mapped damping parameter at high frequencies
is beneficial for stability robustness. Similarly, decrease in
mapped mass parameter as frequency increases may pro-
vide improved transparency. These effects are consistent
with the observations due to the effective impedance analy-
sis of the closed loop system in the previous subsection.

3.4 Stability Robustness
The phase lag added by a controller can be studied as an
indicator of the stability robustness for LTI systems. Let
τF = mF /bF and τI = mI/bI be defined as the time
constants for FOAC and IOAC, respectively. The phase con-
tributions of IOAC and FOAC under impedance matching
at a given frequency ω0 can be derived as

φI = − tan−1(τIω) = − tan−1

(
τFω

α−1
0 sin(πα2 )

1 + τFωα0 cos(πα2 )
ω

)
(13)

φF = − tan−1

(
τFω

α sin(πα2 )

1 + τFωα cos(πα2 )

)
(14)

Studying the case when α < 1, as ω → 0, φI and φF both go
to zero, whereas as ω → ∞, φI → π/2, while φF → πα/2.
The values of φI and φF are close to each other for ω ≤ ω0.
On the other hand, φI increases rapidly as a function of ω
especially for ω > ω0, whereas φF increases with a slower
rate. Thus, for frequencies, especially beyond ω0, IOAC
always adds more phase to the loop transfer function than
FOAC does, which means that the phase lag under FOAC is
lower.

In general, the phase margin alone is not a sufficient
indicator of the stability robustness of a system, while the
vector margin, defined as the inverse of the maximum
magnitude of loop sensitivity function S [28], can be studied
for more conclusive results. The sensitivity function S for
the system can be defined as

S =
1

1 + L
=

1

1 +GYHZeq
(15)

where L denotes the loop transfer function. From this equa-
tion, one can note that a larger loop gain reduces the mag-
nitude of the sensitivity function and leads to a more robust
system. For a given GHZeq, one can compare the controller
gains of IOAC and FOAC to investigate which one is more
robust under impedance matching at ω0. In the equations
below, ZFOAC and ZIOAC stand for the denominator of FOAC
and IOAC, respectively.

|ZFOAC|2 = m2
Fω

2α + b2F + 2mF bF cos
(πα

2

)
ωα (16)

|ZIOAC|2 = m2
Iω

2 + b2I

= m2
Fω

2α−2
0 sin2

(πα
2

)
ω2 + b2F (17)

+m2
Fω

2α
0 cos2

(πα
2

)
+ 2mF bFω

α
0 cos

(πα
2

)
As ω → 0, |ZFOAC|2 → b2F , whereas |ZIOAC|2 → b2F +
m2
Fω

2α
0 cos2(πα/2) + 2mF bFω

α
0 cos(πα/2). As ω → ∞,
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|ZIOAC|2 increases with ω2 while |ZFOAC|2 increases with
ω2α, which has a slower rate when the differentiation order
α < 1.

Consequently, given that the magnitude of the sensitivity
function is lower under FOAC, the vector margin of FOAC
is larger than that of an IOAC with a matched impedance at
a given frequency ω0. These results are consistent with the
stability map analysis presented in Section 3.1.

4 A CONTROLLED PHRI EXPERIMENT: CONTINU-
OUS CONTACT WITH A SPRING

In pHRI, maximizing task performance, while maintaining
stability is desired. The effective impedance analysis shows
that high effective damping under FOAC can be sustained
for a larger range of frequencies, which is desirable for
stable interactions. This feature of FOAC can improve hu-
man performance in pHRI tasks involving especially contact
interactions with environment.

A controlled human subject experiment was designed
to further investigate this frequency-dependent damping
feature of FOAC, and effect of controller type (i.e. FOAC
vs IOAC) and admittance parametersmF andmI on perfor-
mance in a pHRI task. The task involved contact interactions
with a linear spring, where spring represented a relatively
stiff environment.

4.1 Experimental Procedure

In our experimental setup, a spring (ke = 610 N/m) is
connected between a fixed support and the end-effector
of UR5 robot, as shown in Fig. 4a. The subject grasps
the handle between the spring and the robot to guide the
end-effector and compress the spring. The spring simply
represents the environment in which the robot guided by a
human operator is in continuous contact, as in drilling a wall
or inserting a needle into soft tissue. In the experiments, the
subjects are asked to compress the spring up to a certain
position (ramp phase, Fig. 4b), and then, hold it at that
position for 10 seconds (hold phase, Fig. 4c). The details
of the experimental procedure is available in our earlier
publication [20].

We compared subjects’ performance under IOAC (α =
1) and FOAC (α = 0.7). Since parameters mF and mI

are the coefficients in front of the integrator in admittance
controller, we also investigated their effect on performance
for low (i.e. LAM, mF = 5 kgsα−1, mI = 5 kg) and high
(i.e. HAM, mF = 20 kgsα−1, mI = 20 kg) values. On
the other hand, the admittance damping (bF = bI = 25
Ns/m) was kept constant throughout the experiment, since
it does not have a direct relation with the integrator. These
values were chosen by considering the stable regions of
the stability maps given in Fig. 2. Hence, four different
conditions (FOAC-LAM, IOAC-LAM, FOAC-HAM, IOAC-
HAM) were tested in this experiment. Each condition was
repeated 9 times. Thus, there were 36 (4 × 9) trials in the
experiment, which were displayed to the subjects in random
order, while the order was same for each subject. Prior to the
actual experiment, each subject was given a training session
to get her/him familiar with the setup. 10 subjects (5 males
and 5 females, average age = 28 ± 5) participated in this

(a)

UR5 robot

force
sensor handle spring

vc

O
x

O

wait here for 10 seconds...

hold 
position

C

hold 
position

C

C

O

(b)

(c)

Fig. 4. The experimental setup and visual feedback provided to the
subjects during the experiments.

experiment. The subjects gave informed consent about their
participation in the experiment.

4.2 Data Collection and Metrics
During the experiment, the robot constrains the motion of
the subjects along a horizontal line while they compress the
spring. The force Fh applied by a subject is the sum of the
force Fe required for compressing the spring and generating
the motion trajectory of the robot (i.e. interaction force Fint)
Fh = Fe + Fint, where Fe = ke∆x (∆x is the amount of
compression) is not influenced by the controller type or
admittance parameters mF and mI . Fint is the interaction
force measured by a force sensor (Mini40, ATI Inc.), filtered,
and fed back to the admittance controller. The force applied
by the subject Fh and the interaction force Fint are linearly
dependent on each other, since Fe depends on only the
amount of compression, and is independent of viscous and
inertial effects coming from the controller and the robot.
Hence, by inspecting the interaction force alone, we can
deduce how the force applied by the subject is influenced
by the changes in admittance controller, and parameters mF

and mI .
All the metrics evaluated in this section are based on

this Fint (the filtered value of the interaction force), unless
otherwise is specified. We use average power (P ave =

1/(tf−ti)
∫ tf
ti
|Fint(t).v(t)| dt), and average interaction force

(F ave
int = 1/(tf − ti)

∫ tf
ti
|Fint(t)| dt) to quantify the interac-

tion performance under different task conditions, where,
ti and tf are the beginning and ending times of a phase
(ramp or hold), respectively. We also inspect average dom-
inant frequency of oscillations in interaction force (ΩFint =
1/N

∑N
i=1 1/(2|tmax,i − tmin,i|)), where tmax,i (tmin,i) repre-

sents the time at ith local maximum (minimum), and N
stands for the total number of consecutive local minima
and maxima in interaction force Fint. The results are also
verified by FFT analysis in the frequency domain. In addi-
tion, average amplitude of oscillations in interaction force
(AFint = 1/N

∑N
i=1 |Fmax,i − Fmin,i|) and end-effector po-

sition (AP = 1/N
∑N
i=1 |xmax,i − xmin,i|) are computed,



1939-1412 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TOH.2018.2810871, IEEE
Transactions on Haptics

IEEE TRANSACTIONS ON HAPTICS, VOL. ?, NO. ?, 2017 8

A
P
[m

m
]

1

2

3 *
*

I II III IV

(e)

Ω
[H

z]

1

2

3

4

5

*

*
*

1

2

3

4

5

*
*

*
*

(d)

I II III IV

F
in

t
A

[N
]

1

2

3

4

*
*

*

1

2

3

4 *

*

*

(c)

F
in

t
F

in
t

[N
]

0.5

1

1.5

*
*

*

0.5

1

1.5

*

*
*

(b)

av
e

P
av

e
[W

]

0

0.01

0.02

0.03

*
*

0

0.01

0.02

0.03
*

*

(a)

Ramp Phase Hold Phase

Fig. 5. The means and the standard errors of means of normalized
performance metrics (I: FOAC-LAM, II: IOAC-LAM, III: FOAC-HAM,
IV: IOAC-HAM. Horizontal bars with ∗ on top indicate statistical signifi-
cance between results of the two corresponding conditions).

where Fmax,i (Fmin,i) represents the ith local maximum (min-
imum) in interaction force Fint, and xmax,i (xmin,i) indicates
ith local maximum (minimum) in end-effector position x.

4.3 Data Analysis
For each subject, the performance metrics were calculated
for the both phases (except AP , which was evaluated for the
hold phase only) of all trials and then normalized for the
analysis (Fig. 5). We initially performed two-way ANOVA
to investigate the statistical significance of these results. We
observed that the factors (admittance parameters mF and
mI , and type of controller) had significant effects on the
performance and there was an interaction between them.
Further analysis was performed to evaluate the individual
effects of parameters mF and mI , and controller type on
interaction performance. In all statistical analyses, a signifi-
cance level of p = 0.005 was used to test the null hypothesis.

4.4 Results
Fig. 5a demonstrates average power P ave during both
phases. P ave was significantly lower under FOAC than that

of IOAC during both phases when LAM was used. P ave was
significantly lower under FOAC than that of IOAC during
only the ramp phase when HAM was used. The change in
admittance parameter mF did not affect P ave significantly
under FOAC.

Fig. 5b illustrates average interaction force F ave
int during

both phases. We observed a statistically significant effect of
controller type on F ave

int . Specifically, F ave
int was significantly

lower under FOAC than that of IOAC during both phases.
The effect of change in admittance parameter mF on F ave

int
was not significant under FOAC.

Fig. 5c shows average amplitude of oscillations in inter-
action force AFint during both phases. AFint was significantly
lower under FOAC than that of IOAC during both phases.
The change in admittance parameter mF did not affect AFint

significantly under FOAC.
Average dominant frequency of oscillations in interac-

tion force ΩFint is illustrated in Fig. 5d. ΩFint was significantly
higher under FOAC than that of IOAC during both phases
when LAM was used. ΩFint was significantly higher under
FOAC than that of IOAC during the hold phase for HAM.

Average amplitude of oscillations in end-effector posi-
tion AP during the hold phase is shown in Fig. 5e. AP
was significantly lower under FOAC than that of IOAC
when LAM was used. The effect of change in admittance
parameter mF on AP was not significant under FOAC.

4.5 Discussion

We investigated the effect of FOAC on human performance
in a pHRI task involving contact interactions with a rela-
tively stiff environment; compressing a spring with a certain
rate (ramp phase) and holding it there for 10 seconds (hold
phase). Due to the frequency-dependent nature of damping
in FOAC, the oscillations in the interaction force were better
absorbed in both phases of the task (Fig. 5c).

For FOAC, the higher admittance parameter mF did
not result in significant increase in F ave

int , P ave and AFint ,
while higher mF resulted in significantly lower average
frequency ΩFint for force oscillations. These results indicate
that frequency dependent behavior of effective damping in
the fractional order case is the main factor in achieving the
desired level of dissipation for the task at hand. The main
effect of higher mF and mI is to increase the effective mass
of the system, and to decrease the system natural frequency.

As a downside of FOAC, frequency of oscillations in
force increased slightly (Fig. 5d) due to lower effective mass
rendered by FOAC (Fig. 3b). This increase may not be
desirable during contact interactions. However, amplitudes
of oscillations in force and end-effector position were sig-
nificantly lower than those of IOAC, since FOAC supplied
more effective damping to the system (Figs. 5c, and 5e).
Moreover, average power, average interaction force, and
average amplitude of oscillations in interaction force were
all significantly lower under FOAC (Figs. 5a, 5b, and 5c).

5 NEEDLE INSERTION EXPERIMENT

The results of the experiment reported in Section 4.4 shows
that FOAC can improve performance in tasks involving
contact interactions. In that controlled experiment, the task
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Fig. 6. Experimental setup for needle insertion experiments.

involved an interaction with a linear spring, which is suffi-
cient for exploring the potential advantages of FOAC over
IOAC. Here, task performance under FOAC and IOAC is
further compared in a more complicated pHRI scenario
where contact interactions with a nonlinear, viscoelastic,
and layered environment are investigated. Needle insertion
experiments were performed with soft silicon samples and
task performances under FOAC and IOAC were compared
using the metrics defined in Section 4.2.

Needle insertion is commonly used in many medi-
cal procedures including biopsies, brachytherapy, injection
therapy, and epidural anesthesia. The insertion of a needle
into soft tissue involves distinct phases [29]. The process
starts with the deformation of the soft tissue under the force
exerted by the needle. This deformation continues until
rupture occurs, the stage of pure deformation ends, a quick
drop in force is observed, and a mixed stage of penetration
and deformation starts. At this stage, as the needle continues
its movement through the soft tissue, the forces tend to
increase until the needle reaches to another layer or comes to
a full stop. During the procedure, the operator advances the
needle into tissue by appreciating the magnitude of these
interaction forces.

In our scenario, the human operator advances the needle
into two silicon samples, placed back to back to imitate a
layered soft tissue, while the robot keeps the needle straight
on a horizontal path (see Fig. 6). Two silicon samples having
different stiffnesses were used for the experiments. The
samples were prepared using Smooth-Sil 910, which is a
two-component silicone rubber: Part A is the base material
that forms the product and Part B is the catalyst that hardens
the silicon. For the softness adjustment, Silicon Oil was
used. To prepare the samples, Parts A, B, and the oil were
mixed in two different ratios, and the mixture was poured
into cylindrical glass pots for molding. The diameter of the
samples S1 and S2 is 45 mm and their heights are 35 and 20
mm, respectively.

5.1 Material Characterization of Silicon Samples
In order to characterize the material properties of the silicon
samples, compression experiments were performed using
a flat plate attached to the end-effector of the robot (see
Fig. 7a). The samples S1 and S2 were compressed to a depth
of 10 mm and 2 mm, respectively, at a rate of 0.05 mm/s.
The compression rate was kept low to reduce the influence
of viscoelastic and inertial effects and obtain hyperelastic
behavior of the samples. The force response was measured
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Fig. 7. (a) Experimental setup for characterization of silicon samples, (b)
force vs compression depth curves for two different samples.

by the force sensor on the robot. We fitted a second order
polynomial to force response vs compression depth data for
better visualisation of the nonlinear elastic behavior of the
silicon samples (Fig. 7b). As shown in Fig. 7b, S1 is much
softer than S2.

5.2 Experimental Procedure
During the experiments, the subject inserted the needle into
the samples S1 and S2, placed back to back as shown in
Fig. 6, at a rate of 5 mm/s (chosen in light of [30]) until
a depth of 45 mm was reached (i.e. ramp phase). Hence,
the needle passed through the soft sample (S1) and partially
penetrated into the stiffer one (S2). After the desired depth
was reached, the hold phase started, and then, the subject
maintained the position of the needle at this depth for 10
seconds. A visual feedback showing the needle tip and a
cursor moving with a speed of 5 mm/s was displayed to
the subject through a computer screen, so that the subject
inserted the needle at a relatively constant velocity during
the ramp phase by following the motion of the visual cursor.
The experiment was conducted for 3 different integration
orders α = 0.4, 0.7 (FOAC) and 1 (IOAC). The subject
repeated the procedure 5 times for each integration order.
For consistency with the parameters used in Section 4, ad-
mittance controller parameters are set to mF = 20 kgsα−1,
mI = 20 kg, and bF = bI = 25 Ns/m.

5.3 Data Collection and Metrics
For the experiment reported in Section 4, the contact en-
vironment was a linear spring having a constant coefficient.
Hence, the human force was linearly dependent on the inter-
action force. However, in needle insertion task, the contact
environment (i.e. silicon samples) exhibits nonlinear and
layered behaviour. Moreover, as the needle passes through
the silicon samples, local stiffness changes as a function of
penetration depth. Hence, the human force is not linearly
dependent on the interaction force and has to be measured
separately. For this reason, we modified the handle design
and attached a second force sensor (Mini 40, ATI Inc.) to
measure the force applied by human Fh directly (Fig. 6). We
use the similar metrics defined in Section 4.2 to quantify the
human effort under different task conditions. Additionally,
we would like to note that P ave was calculated using directly
Fh since it was measured by the additional force sensor.

5.4 Results
The performance metrics were calculated for the both
phases (except AP , which was evaluated for the hold phase
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only) of all trials. The means and the standard errors of the
means are shown in Fig. 8. End-effector position and veloc-
ity, interaction force, and force applied by human during an
experimental trial are shown in Fig. 9.
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Fig. 8. The means and the standard errors of means of normalized
performance metrics for needle insertion experiment.

As shown in Fig. 8a, average power consumed by hu-
man, P ave, did not change with the integration order during
the ramp phase, whereas it was much higher under IOAC
than that of FOAC during the hold phase. Fig. 8b shows
that average force F ave

h applied by human was similar for
different values of integration order, but the oscillation am-
plitudes were quite different (Fig. 8c). As shown in Fig. 9d,
human force fluctuated significantly during the hold phase
of the task under IOAC (α = 1). In fact, interaction force
under IOAC oscillated even with a higher amplitude during
the hold phase (Figs. 8d and 9c). Average dominant fre-
quency of oscillations in force applied by human, ΩFh

, and
interaction force, ΩFint , increased as the integration order α
decreased during both phases (Figs. 8e and 8f). Average
amplitude of oscillations in end-effector position AP was
higher under IOAC during the hold phase (Fig. 8g). On the
other hand, the change in the integration order did not affect
AP much under FOAC. We can observe that the amplitude
of oscillations in interaction force, force applied by human,
and end-effector position and velocity were larger under
IOAC than that of FOAC during the hold phase (Fig. 9).

5.5 Discussion
During needle insertion, achieving higher target precision
is required to avoid tissue damage [30]. Large oscillation
amplitudes in force and position can cause larger deviations
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Fig. 9. End-effector position x, and velocity v, interaction force Fint, force
applied by human Fh as a function of time.

of needle tip from the target region. Furthermore, if needle
is to be inserted into critical and sensitive regions in human
body, undesirable motion of the needle should be avoided to
reduce harming neighboring tissue. For instance, the epidu-
ral space in an adult lumber spine is only 3-5 mm thick, and
unintentional dural puncture, causing complications, may
occur during epidural injection while operator attempts to
identify the epidural space [31], [32]. Our experiment shows
that, compared to IOAC, FOAC is better in task precision
since the fluctuations in needle tip were dampened (see
Fig. 9) more effectively during the hold phase. The position,
velocity, and force profiles shown in Fig. 9 were consistent
in all insertion trials.

Similar to the experimental results reported in Sec-
tion 4.4, frequency of oscillations in force slightly increased
under FOAC (Figs. 8e and 8f), but damping remained
effective for larger range of frequencies (as anticipated
from Fig. 3c), and hence, needle tip oscillations were better
absorbed (Fig. 8g). Using IOAC with higher admittance
damping would also reduce oscillations, but higher hu-
man effort would be required to insert the needle during
the ramp phase under high admittance damping. On the
other hand, FOAC displays frequency-dependent damping,
which enforces higher effective damping for the high fre-
quency components of interaction force (see Fig. 3c).

The results of the needle insertion experiments show
that human effort was reduced under FOAC. The power
consumed by human did not change during the ramp
phase for different values of integration order, while it was
significantly reduced during the hold phase (Fig. 8a). In
general, reduction in amplitude of oscillations in force and
end-effector position, as well as power consumed by human
under FOAC during the hold phase is inline with the results
of the first experiment reported in Section 4. Augmenting
our control architecture given in Fig. 1 by taking advantage
of additional techniques such as force amplification [33]
may also be beneficial for further reducing the human
effort. However, in our experiments, we did not utilize such
additional methods since our aim here is to show clearly that
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FOAC reduces the human effort and outperforms IOAC.
An experimental comparison of FOAC and IOAC is

challenging since parameters of FOAC are not physically
equivalent to those of IOAC. The controller parameters
of FOAC can be mapped to parameters of IOAC through
impedance matching at a particular frequency such that
responses of two controllers can be compared. During the
ramp phase of our experiments, subjects were asked to
move the end-effector at a constant velocity, so the desired
operating frequency of the motion is zero. Given that task
frequency is zero, we performed impedance matching at this
frequency, such that FOAC and IOAC parameters are set to
be equal at this frequency, resulting in mF=mI and bF=bI .
Note that the value of admittance mass does not affect the
response at zero frequency. Consequently, as the integration
order changes, AFh

, during the ramp phase, should not
change ideally, but during the experiments changes are
observed since users cannot maintain a perfectly constant
speed. Moreover, AFh

and AP under these controllers differ
more during the hold phase since FOAC dampens these
oscillations more effectively.

6 CONCLUSION

In this study, we showed potential advantages of FOAC
over IOAC. Given the admittance controller affects the
coupled system dynamics in a non-trivial manner, rendering
analytical design methods infeasible, a computational ap-
proach is used to determine appropriate controller parame-
ters for bounded human and environment impedances. Our
computational approach resembles to the complementary
stability analysis in [19]. The stability analysis, carried out
for a bounded equivalent impedance, revealed that the sta-
bility robustness of control parameters to changes in human
and/or environment stiffness was improved under FOAC.

In addition to the stability maps, we studied trans-
parency, stability robustness, and task performance through
two pHRI studies involving continuous contact with linear
and nonlinear environments. Under impedance matching,
we analytically showed that the stability robustness under
FOAC is higher than that of IOAC for any environment
and human arm impedance. We also showed that FOAC
provides advantages in terms of the transparency of the
closed loop system. In particular, the computational analysis
of the closed loop impedance of the coupled system revealed
that the effective damping of the closed loop system under
IOAC decays as the frequency increases. However, effective
damping under FOAC increases up to a certain frequency,
before it starts to decay. In other words, damping supplied
to the coupled system under FOAC remains large for an ex-
tended range of frequencies. We showed that this frequency-
dependent damping behavior of FOAC is beneficial for
ensuring robust stability. Furthermore, our experimental
results provided evidence that this behavior under FOAC
enhanced human performance by absorbing vibrations dur-
ing pHRI tasks involving physical interactions with linear
and nonlinear environments.

Impedance matching analysis revealed that the param-
eters for FOAC maps to different parameters of IOAC at
each frequency. The frequency dependent nature of FOAC
is advantageous as it enhances the stability robustness of the

system at high frequency ranges, while providing favorable
transparency characteristics at low frequency ranges. Note
that similar, and even more favorable, system responses can
be achieved through the use of adaptive IOAC. However,
as the controller parameters of such an adaptive controller
would be frequency dependent, an adaptive IOAC will not
be LTI. As a result, methods/tools from the familiar linear
systems theory would not be applicable for designing such
controllers, significantly complicating their analysis. Hence,
one of the main advantages of FOAC is the fact that it can
provide frequency dependent controller parameters while
its design/analysis can still be handled within the relatively
simple LTI systems framework.

Although FOAC showed robustness to changes in hu-
man arm and environment stiffness, time-variant behavior
of human arm is neglected in all our analyses. Similarly,
adaptive controllers are not considered in this work, such
that LTI systems analysis can be used throughout the paper.
Time varying nature of human/environment and adaptive
admittance controller are planned to be the focus of our
future studies. In particular, adaptive approaches will be
investigated for FOAC to alter the admittance controller
parameters on-the-fly based on the changes in human inten-
tion during pHRI tasks. Human intention can be estimated
using machine learning as in [34] to adjust the controller
parameters adaptively. Moreover, integration of our earlier
work on i) load sharing [1], and ii) role exchange [35]
mechanisms into an adaptive FOAC may lead to richer
interactions for pHRI.
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